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Finite elemen;s have been developed for the analysis of plane st

1 2

» bodies of revolution®, and shells of revolution3s¥

plane strain proﬁlems
However,‘considerable difficulties hav; been encountered in the development
of suitable plate and éhell elements. These difficulties are caused by the
need for both displacement and’élope coupatibility along the 1ines'connectipg
the elements which in turn is caused by the dependence of the internal energy
on the second derivatives of the normal displacement. One way to avoid the
need for compatibility of first derivatives is to include transverse shear
déformations thus yielding a strain energy expression as a function of the
first derivatives oﬁly. This approach has been us;d in Refs. 5, 6, and 7.
However, those researchers used linear functions for all variables which
yields a solution which converges slowly with mesh refinement. Tne purpose
of this note is to present a cowpatible triangular plate element based on a
complete third order polynomial for the normal displacement and second ordet

polynonials for the inplane displacements. A nine degree of frzedom element
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is obtaincd by rcquiriné thé‘transversg shear deformations to be zero at the
nodesland along the sidqs ofithe element.

Consider a laminaté»qf thickness dz located at a distance z.from the
midsurface of the platev(fig. 1). The displacements of this laminate are

represented by
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where u, v, v = displacements in x, y, and z directions respectively

Ll, L2, L3 = area coordinates (Ref. 8)
by T V5T Uk
c; = K - xj
o = genefalized coefficient

The expressicn for v is of the same form as the expressicn for u. The

A . . . ‘. . , . ,
additional six terms in the expression fer w are obtained by cyclic permnutation.
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A nine degrec of freedom elewent is obtained by requiring the transverse
shear strains to be zero at the corners and along the sides of the element
and, by assuming the slope normal to the element at the middle of the side

is one~half the sum of ghé values at the corner nodes. These conditions yield
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The equations for , s 2, and ——
o9z -3z 3z 9z

are obtained by cyeclic pernutation. Interelement compatibility is still
satisfied after Egs. 2 are applied.

A

Neglecting the strain energy dues to transverse shear the strain energy
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where E = Young's modulus

v = Poission's ratio

du
X ox

v
y .Qy .
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Xy oy 9x
It is noted that w deoes not enter the strain energy expression but
enters through Eqs. 2. The element stiffness matrix is obtained by

substituting the assumed displacement functions into the strain energy

expression and integrating over the volume of the element using the re-

lation? . irs
R ripdikan = Liitke oy (3)
1°2°3 (nt+2)!
where n = i sfj + k
A = areca of element

The element stiffness matrix is symmetric and positive definite.
7

The accuracy of this element representation is demonstrated by solving
simply supported and clamped plates under uniform and concentrated loadings.
For the uniform pressure loading one-third of the total load was allocated

1

to each displacement at the corners of the element. The plate idealizaticen is
shown in Fig. 2 and the results for the deflection coefficients at the center

of the plate are presented in Table 1. It is noted that the basic element
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listed as QQ3 (quadratic u - quadratic v-third order w) is a little soft.

The ‘results listed as QQ3-3 wcré obtained by dividing the origiuél element
into three sub—cicmen;s with an internal node at the cenfroid of the original
element. This gives a nine degfee‘of freedom element with zero transverse
shear along the sides and along the lines from the corners to the centroid.
It is noted that the convergence characteristics of the 003-3 element are

quite good.
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FIG. | ELEMENT LAMINATE  AND
NODES




4 X4 MESH

FIG. 2  PLATE |
FOR QUARTER OF



